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Abstract. In this work, we study different quantum thermodynamic functions
(QTFs) of a cold atom subjected to an artificial non-Abelian uniform magnetic field and
linearly coupled to a quantum heat bath through either usual coordinate-coordinate
coupling or through momentum variables. The bath is modelled as a collection of
independent quantum harmonic oscillators. In each of the coupling scheme, the effect
of the non-Abelian magnetic field on different QTFs are explicitly demonstrated for a
U(2) gauge transformation. In each case, we show that the free energy has a different
expression than that for the Abelian case. We consider two illustrative heat bath
spectrum (Ohmic bath and Drude model) to evaluate explicit closed form expressions
of free energy (F), specific heat (C), and entropy (S) in the low temperature limit for
each of the above mentioned coupling scheme. The dependence of different QTFs on
the non-Abelian magnetic field are pointed out even if the gauge potential is uniform
in space.
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1. Introduction
The research on the dynamics of complex many-body quantum systems is becoming
realizable nowadays by utilizing the method of quantum Simulation with ultra cold
atoms [1]. This quantum simulator suggests certain model Hamiltonians which are
originally introduced to explain rich quantum behaviour in condensed matter systems
[2, 3] and sometimes in high energy physics [4]. Such model Hamiltonians are now
realizable with ultra cold atoms in various type of optical potentials [5]. These
ultra cold atomic systems are highly controllable and are able to mimic much more
complex quantum systems. One such example is quantum gas which has high flexibility,
controllability, and scalability [2, 3]. Since, these charge neutral systems are unaffected
by external electromagnetic fields, the simulation of electromagnetic condensed matter
phenomena (e.g. spin Hall effect) is not realizable. So, one may suggest artificial
creation of elactromagnetic fields for neutral atoms. Several suggestions can be found in
literature to generate such artificial electromagnetic potentials which can exactly mimic
the complex dynamics of charged particles in real electromagnetic field [4].
In nature Electromagnetic fields are usually known as Abelian gauge field. On
the other hand, non Abelian gauge fields are responsible for the strong and weak
interactions. Thus, gauge fields play crucial role very much to understand three
fundamental interactions. Recent success in simulation of Abelian and non Abelian
gauge fields for ultra cold neutral atoms [5, 6, 7, 8] open the doorway of a new field for
cold atom physics. In addition the detrimental effect of quantum dissipation due to its
interaction with environment can be of great importance. Recently, Klein and Jaksch
proposed a new mechanism to create an artificial magnetic field in an optical lattice by
utilizing a rotating Bose-Einstein condensate (BEC) [9]. As the temperature of a BEC
is about µK, one can expect frictional force as well as random force. Thus, the effect
of quantum dissipation in such system can be of great interest.
Using quantum Langevin method, the quantum dynamics of a cold atom in a non-
Abelian magnetic field and linearly coupled to a heat bath is studied by Guingarey and
Avossevou [10]. They have pointed out the significant effect of non-Abelian magnetic
field on the localization of the cold atom as well as on the average kinetic energy of the
dissipative cold atom. For this purpose, they considered two relevant coupling models
: the independent oscillator (IO) or coordinate-coordinate coupling scheme [11] and
the momentum-momentum coupling scheme [12, 13, 14]. Further, they have derived
an exact formula for the free energy of the cold atom in a non-Abelian magnetic field
and in thermal equilibrium with an heat bath which is connected with the heat bath
through coordinate-coordinate scheme [15]. In this present analysis, we go further by
deriving an exact formula for the free energy of the same system with momentum-
momentum coupling. Not only that, we derive closed form expressions of free-energy,
entropy and specific heat for two different heat bath spectrum of (Ohmic and Drude)
at low temperatures and explicitly demonstrate the effect of non-Abelian magnetic
field on these thermodynamic quantities for the both coupling schemes : coordinate-
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coordinate and momentum-momentum schemes. In each case, we derive the exact
formula for the free energy for U(n) gauge transformation. Then, the simplest U(2)
gauge transformation is taken into account to demonstrate the explicit contribution of
non-Abelian magnetic field in different thermodynamic quantities.
The paper is organized as follows. In the following section, we describe our model
of study for the coordinate-coordinate coupling schemes. In section 2, we also derive
closed form expressions of free energy (F), entropy (S) and specific heat (C) at low
temperatures for Ohmic heat bath spectrum as well as for the Drude model in the
coordinate-coordinate coupling scheme. In section 3, we establish an exact formula for
the equilibrium free energy of the cold atom in the momentum-momentum coupling
model. Then we follow the same analysis of different thermodynamic quantities as
mentioned for section 2. In section 4, we analyze the effect of non-Abelian dynamics on
the magnetic moment originating from the internal degrees of freedom of the cold atom
. We conclude our paper in section 5.
2. coordinate-coordinate coupling
We consider a cold atom in a harmonic potential in the presence of an artificial non-
Abelian magnetic field. The cold atom is linearly coupled through the coordinate
variables to a large number N of independent quantum harmonic oscillators constituting
a heat bath. The Hamiltonian of the system is given by
Hc−c =
1
2m
(
pαIn − e
c
Aα
)2
+
1
2
mω20r
2
αIn
+
N∑
j=1
[ 1
2mj
p2jαIn +
1
2
mjω
2
j (qjαIn − rαIn)2
]
(1)
In this expression of Hamiltonian, m, rαIn and pαIn are the mass and the components
of position and the momentum operators of the cold atom, respectively. On the other
hand, ω0 is the frequency characterizing its motion in the harmonic well. The jth heat-
bath oscillator is characterized by its mass mj , and frequency ωj, while qjαIn and pjαIn
are, respectively, components of the position and the conjugate momentum operators
for the jth heat-bath oscillator. The velocity of the light in the vacuum is denoted by
c. In the context of artificial non-Abelian magnetic field, the parameter e is referred as
artificial charge as mentioned in Ref. [16]. Here, In is a n×n identity matrix in the form
of a U(n) group which will be specified later. Throughout this paper, we denote three
spatial directions by Greek indices (α, β, γ...) and Roman indices (i, j, k....) represent the
heat bath oscillators. We follow Einstein summation convention for the Greek indices.
The components of vector gauge potential Aα which are denoted by n×n Hermitian
matrix and are related to the corresponding magnetic field B as follows,
~B = ~▽× ~A− ie
~c
~A× ~A (2)
The first term in the right-hand side of Eq. (2) is the usual Abelian contribution, while
the second term takes care of the non-Abelian contribution to the magnetic field and
Quantum thermodynamic properties of a cold atom coupled to a heat bath in non-Abelian gauge potentials4
its components are given by
Bα = ǫαβγ
(
∂βAγ − ie
~c
AβAγ
)
, (3)
where, ǫαβγ denotes Levi-Civita tensor. The second term identically vanishes for the
Abelian case. Unlike Abelian case, a uniform gauge potential ~A can create a non-zero
magnetic field. It is evident that one can decompose the magnetic field ~B in Eq. (3)
into two components for a U(n) gauge group as follows :
~B = ~B + ~N, (4)
where, ~B = (BxIn, ByIn, BzIn) is the Abelian part and ~N = (Nx, Ny, Nz) is the non-
Abelian contribution. The components of ~N can be represented as follows
Nρ = Λρ,βσβIn. (5)
Here, Λρ,β and σβ are real numbers and Pauli matrices, respectively and the magnitude
of the non-Abelian part of the magnetic field is N =
√
N2x +N
2
y +N
2
z , with N
2
ρ =
(Λ2ρ,x+Λ
2
ρ,x+Λ
2
ρ,x)In. Various relevant commutation relations for the different coordinate
and momentum operators are
[rα, pβ] = i~δαβIn, [qjα, pkβ] = i~δjkδαβIn (6)
while all other commutators vanish. In the above equation, δjk denotes the Kronecker
delta function. Now, we introduce the covariant derivatives as
Dα = ∂α − ie
~c
Aα =
i
~
(
pα − e
c
Aα
)
, (7)
which can help to express the component of the magnetic field as follows:
Bα = ǫαβγDβAγ (8)
With the help of the covariant derivative expression (Eq.7), we can rewrite the
Hamiltonian Eq.(1) as follows :
Hc−c =
−~2
2m
D2α +
1
2
mω20r
2
αIn +
N∑
j=1
[ 1
2mj
p2jαIn +
1
2
mjω
2
j (qjαIn − rαIn)2
]
(9)
Now, under a gauge transformation, which is nothing but the introduction of a unitary
transformation U and a transformation of Aα such that
Aα = UAαU
† +
i~c
e
U∂αU
†, (10)
and it results in Dα and Bα transformed covariantly. Hence the Hamiltonian (Eq. 9)
becomes a covariant quantity.
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2.1. Different QTF : Ohmic bath
In Ref.[10], it is already shown that the free energy of a cold atom in contact with a
heat bath with coordinate-cordinate coupling and in the presence of a U(2) non-Abelian
gauge field is given by :
F0(T,N) = F0(T, 0) + ∆F0(T,N), (11)
where, F0(T, 0) is the free energy of the cold-atom in the absence of the magnetic field
and is given by :
F0(T, 0) =
3
π
∫ ∞
0
dωf(ω, T )ℑ[ d
dω
lnα(0)(ω)]I2, (12)
where, α(0)(ω) = 1/λ(ω) = m(ω20 − ω2)− iωu¯(ω) is the susceptibility in the absence of
the magnetic field. On the other hand, the second term ∆F0(T,N) denotes the magnetic
field contribution (including the non-Abelian gauge field) to the free energy of the cold
atom and is given by
∆F0(T,N) = − 1
2π
∫ +∞
−∞
dωf(ω, T )ℑ{ d
dω
ln[1 −
(ωe ~N
c
)2
[α(0)]2 + 2Λ
(ωe
c
)3
[α(0)]3
]}
I2,
(13)
with the free energy of a free oscillator of frequency ω,
f(ω, T ) = kBT ln
[
2sinh
(
~ω
2kBT
)]
=
~ω
2
+ kBT ln
[
1− exp
(
− ~ω
kBT
)]
(14)
Then, they analyze the influence of the non-Abelian magnetic field on the magnetic
moment of the cold atom. They consider a non-Abelian magnetic field obtained from
the laser methods which generates degenerate dark states [17]. This tripod scheme
creates a pair of such degenerate dark states which may lead to a SU(2) gauge potential
if it generates a uniform vector potential in space. Following Ref. [17], one may consider
|1 >, |2 >, and |3 > as three atomic ground states which are coupled to one single excited
state |0 >. Now, for a particular orientation of laser field in which the level 1 > and
level |2 > are copropagating and have the same frequency and same angular momentum,
the Λρ,x = 0 = Λρ,z. as a result of that the cubic term in the free energy expression
∆F0(T,N) vanishes and it is reduced to
∆F0(T,N) = − 1
2π
∫ +∞
−∞
dωf(ω, T )ℑ
{ d
dω
ln
[
1−
(ωe ~N
c
)2
[α(0)]2
]}
I2, (15)
Now, we consider a special case of the Ohmic heat bath for which we have u¯(ω) = mγ.
For this special heat bath spectrum, we have the free energy
F0(T, ~N) =
3kBT
π
∫ ∞
0
dω ln
(
1− e−~ω/kBT
)( ω1
ω2 + ω21
+
ω∗1
ω2 + ω∗1
2
)
+
kBT
π
∫ ∞
0
dω ln
(
1− e−~ω/kBT
)( Ω1
ω2 + Ω21
+
Ω∗1
ω2 + Ω∗1
2 +
Ω2
ω2 + Ω2
2 +
Ω∗2
ω2 + Ω∗2
2
)
(16)
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where
ω1 =
γ
2
+ i
√
ω20 −
γ2
4
(17)
Ω1 =
[γ
2
+
(b− a
2
) 1
2
]
− i
[ωnac
2
+
(b+ a
2
) 1
2
]
Ω2 =
[γ
2
−
(b− a
2
) 1
2
]
− i
[ωnac
2
−
(b+ a
2
) 1
2
]
a =
(ωnac
2
)2
+
(
ω20 −
γ2
4
)
b =
[
a2 +
(γωnac
2
)2] 1
2
ω∗1,Ω
∗
1, and ω
∗
2 are the complex conjugates of ω1,Ω1, and ω2 respectively and ω
na
c =
e
mc
2e
~c
N . One can rewrite Eq. (16) in terms of Stieltjes function (J(z)) as follows :
F (T, ~N) = 3kBT
[
J
(
~ω1
2πkBT
)
+ J
(
~ω∗1
2πkBT
)]
− kBT
[
J
(
~Ω1
2πkBT
)
+ J
(
~Ω∗1
2πkBT
)
+ J
(
~Ω2
2πkBT
)
+ J
(
~Ω∗2
2πkBT
)]
, (18)
where Stieltjes J function is given by
J(z) = −1
π
∫ ∞
0
dt ln
(
1− e−2πt
) z
t2 + z2
. (19)
2.1.1. Low-temperature expansion (kBT << ~ω0) In the low-temperature case, we use
the asymptotic expansion for J(z) :
J(z) =
∞∑
n=0
D2n+2
(2n+ 1)(2n+ 2)
1
z2n+1
, (20)
with D2 =
1
6
; D4 = − 130 ; D6 = 142 ; D8 = − 130 and so on. With this asymptotic
expansion, the free energy becomes :
F0(T, ~N) = −
[π(kBT )2γ
2~ω20
+
π3(kBT )
4
45~3ω60
(A1 + A2 + A3)
+
8π5(kBT )
6(B1 +B2 +B3)
315~5ω100
+ ..
]
, (21)
where A1 = γ(3ω
2
0−γ2), A2 = (3Γ21λ1−Λ31), A3 = (3Γ22λ2−Λ32), B1 = γ(5ω40−5γ2ω20+γ4),
B2 = (λ
5
1 − 10λ31Γ21 + 5λ1Γ41), B3 = (λ52 − 10λ32Γ22 + 5λ2Γ42), Γ1,2 = ω
na
c
2
±
√
b+a
2
;
λ1,2 =
γ
2
±
√
b+a
2
; and Λ1,2 = γ ±
√
2(b− a). Entropy can be written as
S(T, ~N) = kB
[πkBTγ
~ω20
+
4π3(kBT )
3
45~3ω60
(A1 + A2 + A3)
+
16π5(kBT )
5(B1 +B2 +B3)
105~5ω100
+ ...
]
. (22)
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Figure 1. (Color online) Plot of (a) F
E0
, (b) S
kB
, and (c) C
kB
, versus dimensionless
temperature, kBT
~ω0
, for the charged magneto-oscillator coupled to a Ohmic heat bath
in the Low temperature regime for different values of N ; red solid line (N = 0), blue
dotted line (N = 1) and green dashed line (N = 1.5). To plot this figure, we also use
γ
ω0
= 0.5
.
Finally, specific heat of the system is given by
C(T, ~N) = kB
[πkBTγ
~ω20
+
4π3(kBT )
3
15~3ω60
(A1 + A2 + A3)
+
16π5(kBT )
5(B1 +B2 +B3)
21~5ω100
+ ...
]
(23)
To explicitly demonstrate the effect of non-Abelian magnetic field on different
QTFs, we consider a particular type of uniform vector potential so that the Abelian
part of the magnetic field is zero (Bγ = 0) and the non-Abelian part of the magnetic
field is along the z-axis : B = 2e
~c
Λσz. Then, we derive the explicit expressions of different
QTFs for the Ohmic bath in the low temperatures. We plot different quantum ther-
modynamic functions, like free energy F , entropy S, and specific heat C, as a function
of dimensionless temperature kBT
~ω0
in Fig. 1 to demonstrate the non-Abelian effect at
low temperatures. The results for different values of non-Abelian magnetic field,i.e., for
different N values are shown explicitly in different symbols. Our analysis clearly show
the non-Abelian effect in different QTFs.
2.2. Drude Model
We consider the case with strict ohmic heat bath for our purpose. Now, we consider the
case of Drude model where the memory function is regularized by introducing Drude
cut-off as follows :
u˜(νn) =
γωD
νn + ωD
(24)
where, ωD is the Drude cut-off frequency and it reduces to strict Ohmic case for ωD →∞.
With this regularization in the memory function, the partition function of the dissipative
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cold atom system is given by [19, 20]
Z =
(
~ω0
4π2kBT
)2∏3
k=1 Γ(
λ+
k
ν
)Γ(
λ−
k
ν
)[
Γ(ωD
ν
)
]2 (25)
where, Γ(z) is the gamma function and its arguments can be found from the so-called
Vieta equations :
λ±1 + λ
±
2 + λ
±
3 = ωD ± iωnac
λ±1 λ
±
2 + λ
±
2 λ
±
3 + λ
±
3 λ
±
1 = ω
2
0 + γωD ± iωDωnac
λ±1 λ
±
2 λ
±
3 = ω
2
0ωD, (26)
where, ωnac =
e
mc
√
Λ2xy + Λ
2
yy + Λ
2
zy. Hence, the Helmholtz free energy of such system is
given by
F = −2kBT ln
(
~ω0
4π2kbT
)
− kBT
3∑
k=1
[
ln Γ
(λ+k
ν
)
+ lnΓ
(λ−k
ν
)]
+ 2kBT ln Γ
(ωD
ν
)
(27)
The internal energy is given by
U = −2kBT − kBT
3∑
k=1
[λ+k
ν
ψ
(λ+k
ν
)
+
λ−k
ν
ψ
(λ−k
ν
)]
+ 2kBT
ωD
ν
ψ
(ωD
ν
)
, (28)
where, ψ(z) = ∂
∂z
ln Γ(z) is the digamma function.
C = 2kB + kB
3∑
k=1
[(λ+k
ν
)2
ψ′
(λ+k
ν
)
+
(λ−k
ν
)2
ψ′
(λ−k
ν
)]
−
(ωD
ν
)2
ψ′
(ωD
ν
)
(29)
On the other hand, the entropy is given by
S = kB
{
2[ln
(
~ω0
4π2kBT
)
− 1] +
3∑
k=1
[f
(λ+k
ν
)
+ f
(λ−k
ν
)
]− 2f
(ωD
ν
)}
(30)
where, f(z) = ln Γ(z) − zψ(z). Now, one can obtain the low temperature expressions
for different QTF : Internal energy, U :
U =
π
3
~γ
(kBT
~ω0
)2
+
~
2π
3∑
k=1
[
λ+k ln
(ωD
λ+k
)
+ λ−k ln
(ωD
λ−k
)]
(31)
Similarly, the low temperature expression of the specific heat given by
C =
2π
3
γ
ω20
k2BT
~
+O(T 3), (32)
and the entropy at low temperatures vanishes like
S =
2π
3
γ
ω20
k2BT
~
+O(T 3), (33)
It is to be noticed all QTFs vanishes in conformity with the third law of thermodynamics.
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3. Momentum-momentum coupling scheme
In this section, we take into account another type of coupling scheme for a single cold
atom to a heat bath. In this complementary possibility of the coupling of a quantum
system to a quantum heat bath is considered through the momentum variables. In
reality, this kind of coupling scheme is employed to describe electromagnetic problems,
like, quantum oscillator in black-body electromagnetic field and in superconducting
quantum interference devices. In the context of a Josephson junction and an atomic
Bose-Einstein condensate oscillating between two symmetric wells seperated by a barrier,
the momentum-momentum coupling scheme can be applied.
3.1. The model and its equation of motions
The Hamiltonian of the system is given by,
Hm−m =
1
2m
(
pαIn − e
c
Aα
)2
+
1
2
mω20r
2
αIn
+
N∑
j=1
[ 1
2mj
(
pjαIn − gjpαIn + gje
c
Aα
)2
+
1
2
mjω
2
j q
2
jαIn
]
(34)
where gj are the dimensionless parameters which describes the couplings, with j =
1, 2, ....N . Following Ref. [10, 18], one can show that the generalized quantum Langevin
equation for U(2) non-Abelian gauge potential is as follows:
mr~¨r +
∫ t
−∞
dt′u(t− t′)~˙r(t′) +mrω20~r + ud(t)~r(0)−
e
c
(~˙r × ~B) + e
2
~c2
(~˙rΓ1 − Γ1~˙r)
− e
~c
∫ t
−∞
dt′(~˙r(t′)Γ1 − Γ1~˙r(t′))uod(t− t′) = ~F (t), (35)
Here, the components of the magnetic field may be deccomposed in to two terms: the
Abelian term, which is given by Bα , and the non-Abelian one, expressed as
2e
~c
λαβσβ ,
such that
Bα = Bα + 2e
~c
λαβσβ (36)
Also, in Eq. (35), we have
u(t− t′) ≡ ud(t− t′) + Γ0uod(t− t′), (37)
F (t) =
N∑
j=1
mjω
2
j~qj0(t)ϑ(t) (38)
where
Γ0 ≡

 0 Bz −By−Bz 0 Bx
By −Bx 0

 (39)
Γ1 ≡

 0 Nz −Ny−Nz 0 Nx
Ny −Nx 0

 (40)
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ud(t− t′) =
N∑
j=1
g2jmmrω
2
0
mj
cos[ωj(t− t′)]Θ(t− t′), (41)
uod(t− t′) =
N∑
j=1
g2jmrωje
mjc
sin[ωj(t− t′)]Θ(t− t′), (42)
and the reduced mass mr is given by
mr =
m[
1 +
∑N
j=1
g2jm
mj
] (43)
where ϑ(t) is the Heavy side step function. In Eq.(37), the diagonal part of u(t) is
denoted by ud(t) and the off-diagonal part by uod(t). Also, one can easily notice the
significant changes introduced by the non-Abelian gauge potential. Here, the additional
term e
2
~c2
(~˙rΓ1 − Γ1~˙r) can be identified as the non-Abelian modification of the Lorentz
force. On the other hand, the non-Abelian contribution in the frictional force is given
by e
~c
∫ t
−∞
dt′(~˙r(t′)Γ1 − Γ1~˙r(t′))uod(t− t′).
3.1.1. Free energy calculation : In order to compute free energy of the system, we
consider a weak external c-number force ~f(t) to act on the relevant system particle and
another set of weak external c-number forces ~fj(t), j = 1, 2, ....,N to act on the bath
oscillators. As a matter of fact, the perturbed Hamiltonian is given by
H = Hm−m − ~r · ~f(t)−
N∑
j=1
~qj · ~fj(t) (44)
In the presence of external forces ~f(t) and ~fj(t), Eq. (35) is modified as follows :
mr~¨r +
∫ t
−∞
dt′u(t− t′)~˙r(t′) +mrω20~r + ud(t)~r(0)−
e
c
(~˙r × ~B) + e
2
~c2
(~˙rΓ1 − Γ1~˙r)
− e
~c
∫ t
−∞
dt′(~˙r(t′)Γ1 − Γ1~˙r(t′))uod(t− t′) = ~F (t) + ~f(t) +
N∑
j=1
∫ t
−∞
dt′ ~fj(t
′)ωj sin[ωj(t− t′)]Θ(t− t′),
(45)
Now, we consider SU(2) gauge potential, i.e. the case of a uniform vector potential in
space so that the Abelian part of the magnetic field vanishes ( ~B = 0) and one can focus
only on the effect of non-Abelian part of the magnetic field. In this case, our Eq. (45)
reduces to
mr~¨r +
∫ t
−∞
dt′u(t− t′)~˙r(t′) +mrω20~r + ud(t)~r(0) +
e2
~c2
(~˙rΓ1 − Γ1~˙r)
− e
~c
∫ t
−∞
dt′(~˙r(t′)Γ1 − Γ1~˙r(t′))uod(t− t′) = ~F (t) + ~f(t) +
N∑
j=1
∫ t
−∞
dt′ ~fj(t
′)ηj(t− t′),
(46)
Quantum thermodynamic properties of a cold atom coupled to a heat bath in non-Abelian gauge potentials11
where, ηj(t− t′) = ωj sin[ωj(t− t′)]Θ(t− t′). The Fourier transform of Eq.(46) leads to
the following algebraic equation,
[
λ(ω)δαβI2 + 2iωe
2
~c2
G(ω)ǫαβγNγ
]
~rβ = −u¯rα(0)I2 + F¯αI2 + f¯αI2 +
N∑
j=1
η¯j f¯jαI2, (47)
where,
λ(ω) = mr(ω
2
0 − ω2)− iωu¯d(ω) (48)
u¯(ω) =
∫ ∞
0
dt exp(iωt)u(t), (49)
r¯β =
∫ +∞
−∞
exp(iωt)rβ(t). (50)
and,
G(ω) = 1−
N∑
j=1
g2jmrω
2
j
mj(ω2j − ω2)
(51)
Now, setting
Dαβ(ω) = λ(ω)δαβI2 + 2iωe
2
~c2
G(ω)ǫαβγNγ , (52)
One can rewrite Eq (47)
Dαβ(ω)r¯β = −u¯rα(0)I2 + F¯αI2 + ~fαI2 +
N∑
j=1
η¯j f¯jαI2, (53)
From Eq.(53) we get,
r¯ρ = αρβ(ω)[−u¯rβ(0) + F¯β + f¯β +
N∑
j=1
η¯j f¯jβ]. (54)
where,
αρβ(ω)I2 = [D(ω)−1]ρβ
=
[
λ2δρβI2 − φ0
(ωe
~c
G(ω)
)2
NρNβ − iλφ0
(ωe
c
)
G(ω)ǫρβηNη
]
/DetD(ω) (55)
with, φ0 =
e
~c
and
DetD(ω) =
[
λ3(ω)− φ0λ(ω)
(ωe
c
G(ω)
)2
~N2 + 2φ0
(ωeG(ω)
c
)3
Λ
]
. (56)
From Eq.(55), one can decompose αρσ(ω) in to symmetric and antisymmetric parts:
αρβ(ω) = α
s
ρβ(ω) + α
a
ρβ(ω) (57)
with
αsρβ(ω) =
[
λ2δρβI2 − φ0
(ωe
c
G(ω)
)2
NρNβ
]
/DetD(ω) (58)
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and
αaρσ(ω) = iλ2φ0
(ωe
c
)
G(ω)ǫρσηNη/DetD(ω) (59)
Rearrnging some terms, Eq. (34) can be written in the form
< Hm−m > =
1
2
m < r˙2 > +
1
2
mω20 < r
2 > +
[∑
j
gj < r˙q˙j + q˙j r˙ > +
∑
j,k
gjgk < q˙j q˙k >
]
+
∑
j
(1
2
mj < q˙
2
j > +
1
2
mjω
2
j < q
2
j >
)
(60)
Now, we move to the calculation of various averages. Let us first calculate the averages
involving with ~r. Following Ref. [18], we can write
1
2
〈~r(t) · ~r(t′) + ~r(t′) · ~r(t)〉 = ~
π
∫ ∞
0
dωG(ω)Im[αρρ(ω)]coth
[
~ω
2kBT
]
cos[ω(t− t′)] (61)
Now, setting t = t′, we get
〈r2〉 = ~
π
∫ ∞
0
dωG(ω)coth
[
~ω
2kBT
]
Im[αρρ(ω)]. (62)
Differentiating Eq. (61) with respect to t and t′ and then setting t′ equal to t, we have
〈r˙2〉 = ~
π
∫ ∞
0
dωG(ω)coth
[
~ω
2kBT
]
Im[αρρ(ω)]ω
2. (63)
One may proceed in the similar fashion and it can be shown that similar kind of
expressions hold for the averages 〈q2〉 and 〈q˙2〉 as that of Eq. (62) and Eq. (63),
but αρρ should be replaced by γjj,ρρ :
〈q2〉 = ~
π
∫ ∞
0
dωcoth
[
~ω
2kBT
]
Im[γjj,ρρ(ω)] (64)
〈q˙2〉 = ~
π
∫ ∞
0
dωcoth
[
~ω
2kBT
]
Im[γjj,ρρ(ω)]ω
2, (65)
with,
γjk,ργ =
gjgkmmrω
2
mjmk(ω2j − ω2)(ω2k − ω2)
(
ω20δρσI2 + iφ0
ωe
mc
ǫρσηNη
)
ασγ(ω)
+
δjkδργ
mk(ω
2
k − ω2)
I2 (66)
and one can easily write that
〈~˙qj · ~˙qk〉 = ~
π
∫ ∞
0
dωcoth
[
~ω
2kBT
]
Im[γjk,ρρ(ω)]ω
2. (67)
Now, the averages involving both ~qj and ~r can be written as
〈~˙qj · ~˙r + ~˙r · ~˙qj〉 = ~
π
∫ ∞
0
dωcoth
[
~ω
2kBT
]
ω2
[
Im[βj,ρρ(ω)] + Im[∆j,ρρ(ω)]
]
, (68)
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where, we have [18]
βj,ρρ =
gjmrω
2
mj(ω2j − ω2)
αρρ(ω), (69)
and
∆j,ργ(ω) =
gjmG(ω)
mj(ω
2
j − ω2)
(
ω20δρσ +
iωe
mc
ǫρσηNη
)
ασγ(ω)− gj
mj(ω
2
j − ω2)
δργ (70)
We know that the mean internal energy,UB(T ), of the heat bath in the absence of
coupling with the cold atom is given by :
UB(T ) = 3
∑
j
~ωj
2
coth
[
~ω
2kBT
]
(71)
On the other hand, the mean internal energy U0(T, ~N) of the cold atom is defined as
the mean internal energy of the system of the cold atom interacting with the heat bath
〈Hm−m〉 minus the mean internal energy of the heat bath in the absence of coupling
with the particle UB(T ):
U0(T, ~N) = 〈Hm−m〉 − UB(T )
=
~
2π
∫ ∞
0
dωcoth
[
~ω
2kBT
]
Im
[
αρρ
(
mω2 +mω20 +
∑
j
mj(ω
2 + ω2j )ω
2
jω
2
(ω2 − ω2j )2
)]
.
(72)
Therefore
U0(T, ~N) =
1
π
∫ ∞
0
dωu(ω, T )Im
[ d
dω
[log(Detα(ω))+λ(ω)
(2iωe2 ~N
~c2
)2(d(G(ω))2
dω
)
Detα(ω)
]
(73)
where u(ω, T ) is the plank energy of a free oscillator of frequency ω:
u(ω, T ) =
~ω
2
coth
[
~ω
2kBT
]
(74)
The corresponding formula for the free energy of the oscillator takes the form
F0(T, ~N) =
1
π
∫ ∞
0
dωf(ω, T )Im
[ d
dω
[log(Detα(ω))+λ(ω)
(2iωe2 ~N
~c2
)2(d(G(ω))2
dω
)
Detα(ω)
]
(75)
where f(ω, T ) is the free energy of a free oscillator of frequency ω:
f(ω, T ) = kT ln[2sinh(~ω/2kT )] (76)
and
Detα(ω) = [α0(ω)]3
[
1− [α0(ω)]2
(2e
~c
NG(ω)
)2]−1
(77)
so that
F0(T,N) = F0(T, 0) + ∆1F0(T,N) + ∆2F0(T,N), (78)
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where
F0(T, 0) =
3
π
∫ ∞
0
dωf(ω, T )Im
[ d
dω
log(Detα0(ω))
]
(79)
∆1F0(T,N) = −1
π
∫ ∞
0
dωf(ω, T )Im
[ d
dω
ln
(
1− (G(ω)2)[α0(ω)]2
(2e
~c
N
)2(ωe
c
)2)]
(80)
and
∆2F0(T,N) =
1
π
∫ ∞
0
dωf(ω, T )Im
[(2e
~c
N
)2(ωe
c
)2)(d(G(ω))2
dω
)(
1−(G(ω)2)[α0(ω)]2
(2e
~c
N
)2(ωe
c
)2)−1]
(81)
3.1.2. Low-temperature expansion (kBT << ~ω0) We can rearrange the free energy
expressions as follows :
F0(T, ~N) = F0(T, 0) + ∆1F0(T, ~N) + ∆2F0(T, ~N)
=
1
π
∫ ∞
0
dωf(ω, T )[3I0 − I1 + I2], (82)
with
I0 = ℑ
[ d
dω
lnα(0)(ω)
]
,
I1 = ℑ
[ d
dω
ln
{
1− (G(ω))2
(e ~Nω
c
)2
[α(0)(ω)]2
}]
,
I2 = ℑ
[ [α(0)(ω)]2(ωe ~N
c
)2(
d(G(ω))2
dω
)
{
1− (G(ω))2
(
e ~Nω
c
)2
[α(0)(ω)]2
}]. (83)
Now, f(ω, T ) vanishes exponentially for ω >> kBT
~
. Therefore, in order to evaluate
the free energy of the dissipative charged oscillator at low temperatures, we need to
consider only low-ω contributions of integrands in evaluating the integral in Eq. (82).
With this we can show that at low frequencies the magnetic field independent integrand
I0 becomes :
lim
ω→0
I0(ω) ≃ C(1 + ν)
ω20
ων , (84)
with C = m
mr
b1−ν cos
(
νπ
2
)
. On the other hand, we obtain for the magnetic field
dependent integrands I1 and I2 as follows :
lim
ω→0
I1 =
2C(ν + 1)(ωnacr )
2
ω60
ων+2 = lim
ω→0
I2 (85)
Now, we use the result∫ ∞
0
dyyν log(1− e−y) = −Γ(ν + 1)ζ(ν + 2), (86)
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Figure 2. (Color online) Plot of (a) F
E0
, (b) S
kB
, and (c) C
kB
, versus dimensionless
temperature, kBT
~ω0
, for the charged magneto-oscillator coupled to a Ohmic heat bath
in the Low temperature regime for different values of N ; red solid line (N = 0), blue
dotted line (N = 1) and green dashed line (N = 1.5)
.
where Γ(z) is the gamma function, while ζ(z) is the Riemann Zeta function, to obtain
the free energy at low temperatures :
F0(T, 0) ≃ −
3Γ(ν + 2)ζ(ν + 2) cos
(
νπ
2
)
m~b
mrπ
( b
ω0
)2(kBT
b
)ν+2
∆1F0(T, ~N) ≃ −
2(ν + 1)Γ(ν + 3)ζ(ν + 4) cos
(
νπ
2
)
m~b
mrπ
(ωnacr
ω0
)2( b
ω0
)4(kBT
b
)ν+4
= ∆2F0(T, ~N). (87)
where ωnacr =
e
mrc
(B + 2e
~c
N). For our uniform vector potential which is along z-direction
we have B = 0 and N =
√
Λ2xy + Λ
2
yy + Λ
2
zy.
4. Influence of non-Abelian dynamics
The main objective of this section is to analyze the effect of the non-Abelian dynamics
on different QTF of the cold atom. One can basically try to find the effect of internal
degrees of freedom of the cold atom on the thermodynamic functions. For this purpose,
one can consider the non-Abelian magnetic field obtained from the laser methods using
degenerate dark states [17]. This scheme is based on the adiabatic motion of a multilevel
atom in a space dependent laser fields and it results in a space dependent dark states
which gain a topological or Barry’s phase. This can be thought of as the effect of an
artificial magnetic field. Following Ref. [15, 17], we can consider the following dark
states in the tripod scheme which generates SU(2) gauge with uniform vector potential
:
|D1 >= sinφeiS31 |1 > − cosφeiS32 |2 > (88)
|D2 >= cos θ cosφeiS31 |1 > +cos θ sin φeiS32 |2 > − sin θ|3 >, (89)
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with, Sij = Si − Sj, |1 >, |2 >, and |3 > are three atomic ground states which are
coupled to a single excited state (|0 >) by three resonant laser fields with complex Rabi
frequencies Ωµ. Now. following Ref. [15], we can show that the free energy of the cold
atom is given by
F0(T,N) =
1
2π
∫ ∞
0
dωf(ω, T )ℑ
[ d
dω
ln[detα(ω)]
]
I2 (90)
As a matter of fact, the non-Abelian part of the magnetic moment of the cold atom in
the coordinate-coordinate coupling is given by
M = −∂F0
∂N
= N
(e
c
)2 ~
2πi
∫ ∞
−∞
dωω2 coth
(
~ω
2kBT
)[
λ2 − (ωe
c
)2 ~N2
]−1
I2 (91)
One can easily show the quantum nature of the Eq. (91), i.e. M vanishes in the
classical limit by expanding coth( ~ω
2kBT
) for ~ → 0 and using the analytic behaviour of
the integrand in the upper half plane :
M = N
(e
c
)2kBT
iπ
∫ ∞
−∞
dωω[λ2 −
(eω
c
)2
~N2]−1 = 0
Now, one can compute integration in Eq. (91) by choosing the contour in the upper
half plane and using the following identity
coth(z) =
∞∑
n=−∞
1
z + inπ
. (92)
Using ω = iνn and Matsubara frequencies νn =
2πkBTn
~
, we can show that
M = −2kBT eω
na
c
mc
∞∑
n=1
ν2n
λˆ2(νn) + (νnωnac )
2
, (93)
with, λˆ(νn) = λ(iνn)/m = ω
2
0+ν
2
n+νnµ(iνn)/m and the non-Abelian cyclotron frequency
ωnac =
e
mc
√
Λ2x,y + Λ
2
y,y + Λ
2
z,y. One can easily note that this magnetic moment which
originates from the motion of the centre of mass of the cold atom and its internal
degrees of freedom is still negative (i.e diamagnetic) and is unaltered by the presence of
the arbitrary heat bath. This fact still holds if one takes the limit ω0 → 0 in Eq. (93).
Now, one can compute the explicit closed form expression of magnetic moment at zero
temperature for an Ohmic heat bath :
M = − ~
2π
( e
mc
)2[
A+tan
−1
(2
γ
√
(b+ a)/2
)
− A−
2
ln
(γ/2 +√(b− a)/2
γ/2−√(b− a)/2
)]
(94)
with A± =
γ2/4±(b±a)/2√
(b±a)/2
, a = (ωnac /2)
2 + ω20 − γ2/4, b =
√
a2 + (γωnac /2)
2 and it is still
diamagnetic . For the vanishing ω0 → 0 one can obtain
M = − ~e
πmc
tan−1
(ωc
γ
)
(95)
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Now, we can move to the Drude model. With the Drude cut-off the magnetic moment
is given by
M = −2kBT eω
na
c
mc
∞∑
n=1
ν2n(νn + ωD)
2
[(ν2n + ω
2
0)(νn + ωD) + νnγωD]
2 + {ωnac νn(νn + ωD)}2
(96)
Now, we move to the discussion of momentum-momentum coupling scheme. For the
momentum-momentum coupling the magnetic moment is given by
M = −2kBT eω
na
cr
mc
∞∑
n=1
ν2n
λˆ2(νn) + (νnωnacr Gˆ(νn))
2
, (97)
with Gˆ(νn) = G(iνn) = −1 + ec u˜od(iνn) and ωnacr = 2φ0 emrc
√
Λ2x,y + Λ
2
y,y + Λ
2
z,y. So,
again we observe diamagnetic moment and it decreases with the increase of non-Abelian
parameter ωnacr and G(iνn). One can also show that the magnetic moment with Drude
cut-off is given by
M = −2kBT eω
na
cr
mc
∞∑
n=1
ν2n(νn + ωD)
2
[(ν2n + ω
2
0)(νn + ωD) + νnγωD]
2 + {ωnacr Gˆ(νn)νn(νn + ωD)}2
(98)
One can observe that the magnetic moment is unaltered in the presence of an arbitrary
heat bath. The magnetic moment of the cold atom is still diamagnetic. Also, we
find that the free energy increases with the increase of the non-Abelian magnetic field
strength.
5. Conclusions
In this work, we discuss different quantum thermodynamic properties of a system
consisting of a harmonically confined cold atom in the presence of an artificial uniform
vector potential and in contact with a heat bath. We first find the generalized
susceptibilities in the coordinate-coordinate coupling scheme. Then we obtain a closed
form expression of the free energy of the dissipative cold atom in the presence of
underlying background constant vector potential. To demonstrate the effect of non-
Abelian term on different QTFs explicitly, we consider the strict Ohmic case and
derive the closed form expressions of internal energy U, entropy S and specific heat
C. Considering the low temperature expansions of these QTFs, we plot them at low
temperatures for three different values of non-Abelian magnetic field strength (N) which
clearly show the non-Abelian effect. In this context we also consider the more realistic
Drude model heat bath and derive closed form expressions of different QTFs.
Then we derive the generalized susceptibilities in the momentum-momentum
coupling scheme. Then, considering arbitrary heat bath spectrum, we derive low
temperature expressions of different QTFs. We explicitly show the effect of non-Abelian
terms on these QTFs by plotting them for different non-Abelian magnetic field.
Finally, we obtain the equilibrium free energy and the magnetic moment of the cold
atom due to its internal degrees of freedom. The non-Abelian effect on the magnetic
moment for different heat bath is explicitly demonstrated.
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